(a) If x is prime, rad(x) = x.
(b) rad(x) = 1 iff x = 1. Else, rad(x) ≥ 2.
(c) If gcd(x, y) = 1, rad(xy) = rad(x)rad(y).
(d) For positive integers m and n, rad(x m y n ) = rad(xy).
2. Let P be an odd prime and G be a positive integer such that 1 ≤ G 2 < P . Then
(a) gcd(P, G) = 1 holds since P > G 2 and thus P ∤ G.
2 ) = rad(P )rad(2G 2 ) = P rad(2G) ≥ 2P > √ 2P G 2 .
(c) If G = 1, rad(P G 2 ) = rad(P ) = P > √ 2P G 2 = √ 2P since P > 2. rad(2P G 2 ) = rad(P )rad(2) = 2P > √ 2P G 2 = √ 2P .
2 The ABC Conjecture for ε = 1
For P and G as in §1, item (2), let s and t be positive integers satisfying (i) 1 ≤ s ≤ P G 2 − 1, (ii) 1 ≤ t < P G 2 +s 2
and (iii) gcd(t, P G 2 + s) = 1. Let A = P G 2 + s − t, B = t, C = P G 2 + s and N = ABC = (P G 2 + s)(P G 2 + s − t)t. Then,
Inequality (1) is an alternate form of the ABC conjecture by Masser [1] and Oesterlé [2] for ε = 1. Many other forms exist, e.g., [5, 6] . Much effort has been devoted into showing the conjecture to be true for special and generic cases, e.g., [6, [10] [11] [12] [13] [14] [15] [16] . The conjecture has numerous consequences, and is affiliated strongly with the Fermat's Last Theorem, proved in [17] . Upper bounds on C = P G 2 +s, are established in [7] [8] [9] . Waldschmidt [30] , in a comprehensive review, relates Pillai's conjecture [31] (proved in [28] ), Catalan Equation (proved in [32] ), Waring's problem and the ABC conjecture. Da silva et. al. [51] , inspired by Lenstra [52], re-interpret Gersonides's theorem as the ABC conjecture being true on the set of harmonic 1 numbers. They further add to this set, one at a time, a finite set of ndh-numbers 2 , the infinite set of primes congruent to 41 (mod 48), sets of Fermat and Mersenne primes, and show that the ABC conjecture holds on these sets.
Initial Remarks
1. N, and thus rad(N), are always even.
If C = P G 2 + s is even, B = t must be odd. Else, gcd(P G 2 + s, t) ≥ 2, not permitted. If C = P G 2 + s is odd, either A = (P G 2 + s − t) or B = t must be even.
(P G
2 < N = (P G 2 + s)(P G 2 + s − t)t < 2(P G 2 ) 3 . For s = 1, 2, ..., P G 2 − 1 and 1 ≤ t < P G 2 +s 2
, since (P G 2 + s − 1) ≤ (P G 2 + s − t)t < (P G 2 +s) 2 4 , N < (P G 2 +s) 3 4
= 2(P G 2 ) 3 , and
3. Let N = 2 αo p 4. If rad(P G 2 + s) ≥ √ P G 2 + s, or rad(P G 2 + s − t) ≥ √ P G 2 + s − t, inequality (1) holds. (a) If rad(P G 2 + s) ≥ √ P G 2 + s, rad(N) ≥ 2 √ P G 2 + s > √ 2P G 2 since s ≥ 1. (b) In the latter case, rad(N) ≥ 2 √ P G 2 + s − t > √ 2P G 2 since t < P G 2 2 + s.
3 Upper bound with ABC = 2 m p n
The conjecture per inequality (1) is shown to hold for N = ABC composed of powers of two distinct primes such that A+B = C, gcd(A, B) = 1 and B > A ≥ 1, irrespective of the choices for the odd prime P and positive integer G (1 ≤ G < √ P ). Further, rad(ABC) 1+ε > C is shown to hold for any ε > 0 for any p, m and n satisfying the requisite conditions above.
For s, t as in §2, N = (P G 2 + s)(P G 2 + s − t)t must be composed of at least two distinct primes -2, and an odd prime, p.
1 ≤ t < P G
2 + s − t < P G 2 + s. As gcd(t, P G 2 + s) = gcd(t, P G 2 + s − t) = 1, if t > 1, triple {A = P G 2 + s − t, B = t, C = P G 2 + s} contributes at least three distinct primes to rad(N). One among them is 2 ( §2.1, item 1), and the other two are odd primes.
2. Only possibility of N being composed of two primes is when t = 1. Then, for some s in [1, P G 2 − 1], N = (P G 2 + s)(P G 2 + s − 1) takes the form 2 m p n for some positive integers m and n. As N is divisible by only 2 and p, following two possibilities arise: (i) P G 2 + s − 1 = 2 m and P G 2 + s = p n so that P G 2 + s = p n = 2 m + 1.
(ii) P G 2 + s − 1 = p n and P G 2 + s = 2 m implying P G 2 + s − 1 = p n = 2 m − 1.
2
m + µ, µ = ±1, is not a perfect power 1 . A perfect power [30] is a positive integer x y with x ≥ 1 and y ≥ 2 as rational integers 4 .
2. Let d ≥ 1 be an integer. Consider µ = 1. Let 2 m + 1 (odd) be square so that 3. For µ = −1, consider 2 m − 1 (odd) as square, or, 2 m − 1 = (2d + 1) 2 so that 2 m−1 = 2d(d + 1) + 1, an impossibility for m > 1 since the LHS is even and RHS odd. 3 Inequality (2) 4 Synonym for integers, used to distinguish from cyclotomic, Eisenstein, Gaussian and Hamiltonian integers [4] . 4 . Let 2 m + µ be an odd perfect power so that 2 m + µ = (2d + µ) r , r > 1 and odd. As µ j = µ for j odd, µ k = 1 for k even, and r C r−1 = r, 2 m = 2d (2d) r−1 + r C 1 (2d) r−2 µ + ... + r C r−2 (2d)µ r−2 + r = (2d) R Since r is odd, R is odd. R ∤ 2 m unless R = 1, only possible r = 1.
rad(2
1. Per §3, item (2), p n = 2 m + µ, µ = ±1. Further, following §3.1, n = 2 only when m = 3 and µ = 1 so that p = 3. Otherwise, n = 1.
2. m = 3 and µ = 1: n = 2 so that p 2 = 3 2 = 2 3 + 1. rad(2 m p n ) = rad(2 3 · 3 2 ) = 6 > √ 2 4 + 1 > √ 2 3 + 1 = 3 > √ 2 3 holds.
3. m = 3 and µ = 1: n = 1 so that p = 2 m + 1 = P G 2 + s per §3, item (2 i) 5 . rad(2 m p n ) = 2p = 2(2 m +1) > √ 2 m+1 + 1 holds for m ≥ 1 as 2 2m+2 +3·2 m+1 +3 > 0.
4. µ = −1: n = 1 so that p = 2 m − 1 and P G 2 + s = 2 m per §3, item (2 ii) 6 . rad(2 m p n ) = 2p = 2(2 m −1) > √ 2 m+1 + 1 holds for m ≥ 2 as 2 2m+2 −5·2 m+1 +3 > 0.
Per item (3),
In both cases,
The conjecture in §2 holds for
respectively, hold true for any ε > 0. Pertaining to item (2), rad(2 3 · 3 2 ) 1+ε = 6 1+ε > 3 holds as well for any ε > 0. For cases wherein rad(ABC) is constituted of three distinct primes, 2, p and q, the latter two being odd, N = (P G 2 + s)(P G 2 + s − t)t = ABC takes the form 2 m p n q r for positive integer exponents. To satisfy A + B = C with gcd(A, B) = 1, 2, p, q, m, n, and r combine to yield six diophantine possibilities, without loss of generality, with µ = ±1:
Eqs. 3 (a) and (c) result when t = 1 while Eq. 3 (b) represents cases when t > 1. Each diophantine relation is addressed respectively in §5- §7 specifically when p and q are Fermat and/or Mersenne primes. Irrespective of the choices for P and G ( §2), it is shown that number of solutions to Eqs. 3 (a), (b) and (c) is finite for m, n, r ≥ 1, except when Eq. 3 (b) assumes the form 2 y+1 = (2 y + 1) 2 − (2 2y + 1), y a positive integer such that 2 y + 1 and 2 2y + 1 are primes. In these cases, rad(ABC)
2 holds for any ε > 0. 5 No odd prime should divide m for 2 m + 1 to be (Fermat) prime. That is, m = 2 w , w ≥ 0, an integer. 6 m must be 2 or an odd prime for 2 m − 1 to be (Mersenne) prime.
Consider 2 m + µ = p n q r with p, q odd primes and m, n, r positive integers. gcd(n, r) must be 1, otherwise, 2 m + µ is a perfect power, an impossibility, from §3.1. Three cases arise: m is composite, an odd prime, or a power of 2.
2
Consider m = av, composite with a > 1 and v, an odd prime.
Equality holds when a = µ = 1 and v = 3.
a + µ and R are both > 1 and coprime, and since (2 a + µ)R = p n q r , without loss of generality, let 2 a + µ = p n and R = q r . Per §3.1, n = 2 when a = p = 3 and µ = 1; Else, n = 1.
(a) For n = 2, v = 3 since gcd(2 a + µ, v) = 1. v must be ≥ 5.
implying gcd
does not hold since the RHS is divisible by two or more odd primes.
ii. Every prime divisor q of
does not hold. A. Since p = 2 a − 1 is prime, a is either 2 or an odd prime.
)(2 v − 1) is divisible by two or more odd primes. a must be an odd prime.
E. Per §B, gcd(
. r cannot be larger than 1. 
(a) For positive integers λ and β, let 2 a + µ = λv, R = βv such that gcd(λ, β) = 1. Either β > λ, or β = λ = 1. Consider cases 9 when β > λ.
λβv 2 must comprise of powers of precisely two distinct odd primes. As gcd(v, β) = gcd(λ, β) = 1 and β > λ ≥ 1 (item 2a), λ is either 1 or a power of v. Further, as λv = 2 a +µ, per §3.1, either λ = v or λ = 1.
7 For positive integers m and n, 2 m − 1 and 2 n − 1 are coprime if and only if m and n are coprime. In general, gcd(a m − 1, a n − 1) = a gcd(m,n) − 1 for positive integers a, m, n. 8 Zsigmondy's theorem 9 In a special case, when a = µ = 1 and v = R = 3, λ = β = 1. 2 av + µ = 2 3 + 1 = 9, not permitted since a > 1.
(c) Case I: λ = v: v = 3, a = 3, µ = 1 must hold per §3.1 making m = av = 9.
2 av + 1 = 2 9 + 1 = 3 3 · 19 = p n q r . Let p = 19 and q = 3 so that n = 1 and r = 3.
19. The conjecture in §2 holds.
(d) Case II: λ = 1: Without loss of generality, let p = v = 2 a + µ ( = 3 2 ) so that n = 2. Then, q r = β = 2 av +µ v 2 . i. r cannot be even as it requires 2 av + µ to be an even power, not possible for av > 3, per §3.1.
r , odd, and
noting that a must be an odd prime 10 for
D. If µ = 1, a and a + 1, must both be powers of 2, an impossibility since a > 1. E. If µ = −1, a and a + 1, must either be 2 or odd primes. Only possibility is a = 2 which makes p = 3 and q = 7. v = 3 per item (2d).
The conjecture in §2 holds.
In Eq. 3 (a), consider m = v, an odd prime.
3 | 2 v + 1. As 2 v + 1 is divisible by only two distinct primes p and q, let p = 3. n = 1 noting that gcd(3, R) = 1.
r , which is odd, and
10 a cannot be 2 as then p = 3, not possible, since q = 3. ii. If β r = 1,
, that is, d = 1 and R 2 is odd. Then, r must be odd, implying that β = 1. q = 3 is not possible, since p = 3. iii. If β r = −1, which is possible only when β = −1 and r odd,
for which to hold, d must be 2. Then, q = 2 2 − 1 = 3, not possible, since p = 3.
(a) Consider p and q (distinct) of the forms 2 g + γ and 2 d + β respectively, where β, γ = ±1, and d, g are positive integers such that p, q ≥ 3.
(d) γ must be −1, and likewise,
(e) g, d must either be 2 or odd primes.
must, therefore, be odd primes.
(f) Further, since v is an odd prime, 2 d − 1 divides 12 2 v − 1 only when d = v, making r = 1 and n = 0, not permitted since n is a positive integer. Likewise, if 2 g − 1 | 2 v − 1, g must be v so that n = 1 and r = 0, not permitted since r is a positive integer.
w , w ≥ 1.
(b) Any factor of 2 2 w +1 is of the form M2 w+2 +1 for some positive integer M (Lucas's revision to Euler's M2 w+1 + 1).
(d) β must be 1 so that p = 2 d + 1. p being prime, d must be 2 z , w > z ≥ 0. z = w is not possible since then n = 1 and r = 0, not permitted as r is a positive integer. 12 Let (e) 2 2 z + 1 ∤ 2 2 w + 1 for any z < w. Let F (y) := 2 2 y + 1 for any positive integer y. Identity, F (w) = F (0)F (1)F (2)...F (z)...F (w − 1) + 2, holds 13 . [23] assume (p, q) not to be a permutation of (11, 5) . Specific solutions (p, q, m, n, r, µ) are obtained next for the diophantine form p n + µq r = 2 m with p and q as Mersenne and/or Fermat primes.
6.1 gcd(n, r) = 2 w , w ≥ 0
Let n = au and r = av, a an odd prime, and u, v ≥ 1.
R is odd since it comprises odd number of terms, all odd. R ∤ 2 m , thus, gcd(n, r) = 2 w , w ≥ 0. That is, no odd prime divides n and r.
n and r even
Consider n and r both, even. Let p 
For
= 2 m−3 , which, when rewritten, becomes (1 + 2 + 3 + ...
13 can be shown by induction. 14 Identity in §5.3, item (1e)
is an impossibility, since the LHS is even, and RHS odd.
(e) a = 0 must hold making T = 1 and H = 2
(f) Thus, p 
, and the conjecture in §2 holds.
(g) In case (P2), for p and q to be prime, m − 2 is either 2, or must simultaneously be a power of 2 and an odd prime respectively, the latter an impossibility for m ≥ 5.
(h) m ≤ 3 is an impossibility since then, H ≤ 0 per item (2e), not permitted.
Possibilities for Mersenne/Fermat primes p, q and positive integer exponents m, n and r are explored next such that for µ = ±1
holds.
where
Cases with n and r both even are addressed in §6.2. Those wherein at least one of the n or r is odd, are considered next.
µ = 1
For µ = 1, m ≥ 3 must hold since minimum values that p and q can admit are 3 and 5, and those for n and r are 1. Without loss of generality, let n be odd which makes R 1 in Eq. (6) odd.
g + γ and q = 2 + γ. Both cases are identical. Considering (P1), γ must be 1 since p and q are odd primes making p = 3 and q = 2
ii.
m , when expanded and divided by 4, yields
is odd (thus LHS is odd) while RHS is even.
iv. As d cannot be 1 and d is a power of 2 per item (1a), d must be 2. q = 5 and thus Eq. 4 becomes 3 n + 5 r = 2 m with all exponents odd.
n−1 −1 which holds true for n having the form 16 4l+1, l ≥ 0.
D. Per items (1(a)ivB) and (1(a)ivC), Eq. (4) takes either of the following forms:
, and in 3 4l+3 + 5 r = 2 4k+1 , l = 0 and k = 1 gives 3 3 and so the conjecture in §2 holds. E. Per [23] , primes (2, 3, 5) combine in the arrangement p n ±q r = 2 m in seven possible ways:
all cases. (m, n, r) has no other solution for
As R 1 and R 2 are both positive and odd, m > g = d must hold 17 in which case p = 2 d − β and q = 2 d + β. p and q being twin primes, d must be 2, and for β = ±1, one of the primes is 3 and the other 5. Let p = 3 and q = 5. Eq. (4), as, 3 n + 5 r = 2 m is addressed in item (1(a)iv).
2. Let r be even.
i. For β = 1, since d must 18 be a power of 2 for
ii. For β = −1, as d must 19 be an odd prime v for
iii. In both cases, m must be even so that
m , r and m even, when rearranged, yields 
Since R 1 , R 2 are positive integers, m > d and m > g must be true. Further, since R 2 is even, g > d must hold to maintain parity (footnote 17, page 12). Then, with p = 2 g − 1 and i. g must be an odd prime. Since p = 2 g − 1 is prime, g is either 2 or an odd prime v. If g = 2, p = 3; d and β must be 1 so that q = 2 1 + 1 = 3, not permitted, as p = q.
ii. Consider m even.
, r must be 2, per §3.1. 
, same as the case with β = −1.
iii. Consider m odd.
Examples for
n , m, n odd, x a positive integer not necessarily prime, include (E1):
, and (E4):
C. For n = 1, using the Theorem of Szalay [53], solutions to (
• (m, g, x) = (7, 3, 11), not possible since x = 11 is not of the form 2 d ± 1.
• (m, g, x) = (15, 3, 181), not possible as x = 181 is not of the form 2 d ±1.
D. The diophantine equation x 2 − 2 m = ±y n , x, y, m, n, as positive integers, and x and y coprime, y > 1, n > 2, is considered by Bugeaud in [55] . Using sharp estimates for linear forms in two logarithms in archimedean and non-archimedean metrics 21 [56, 57] , Bugeaud shows that for (x, y, m, n) to 21 the author is not conversant with the linear forms in two logarithms and its applications at this time.
be a solution to (e1):
n , m and n must be odd, and further, n ≤ 5 · 5 10 5 for (e1) and n ≤ 7 · 3 10
n , r even, m and n odd) have only finitely many solutions.
E. Scott and Styer [24] solve p n + q r = 2 m , p = 2 g − 1 (prime) and q any odd prime, m, n odd and r even, as follows 22 : In Theorem 4.1 of [25] , set C = p n , P = p, Q = 1 and m(−P ) = m(−p) = g − 2. g − 2 is the lowest power of 2 that can be factored into relatively prime principal ideals in Q(
The bound in Theorem 4.1 of [25] can be simplified to m(−P ) since m is odd, p ≡ 7 (mod 8) and Q = 1 to eliminate factors of 2 and 3 u , and the symbol for the least common multiple. As m − 2 > g − 2 > m(−P ), any solution to p n + q r = 2 m must belong to the exceptional cases of Theorem 4.1 [25] . Pertaining to
n , the only exceptional case is 5 2 = 2 5 − 7 .
µ = −1
Given p and q as distinct odd primes, Scott and Styer ( [23] , Theorem 6) show that there can be at most one solution in (n, r) for p n − q r = 2 m to hold. With p and q as Mersenne or Fermat primes, following cases are considered: (i) r and n odd, (ii) r odd, n even, and (iii) r even and n odd. Those with n and r even are addressed in §6.2.
1. r and n odd.
In Eq. (6), R 1 and R 2 are both odd. Eq. (5) becomes 2
(a) Consider m > 1.
Expansion and division by 4 results in
Since d is an odd prime, n − r2 d−2 is odd making LHS odd, but RHS is even for m ≥ 3, not possible.
with n and r odd is impossible as RHS is ≡ 1 (mod 3), and
. 22 The author is not conversant with prime principal ideals at this time.
C. In item (1(a)i) (P2), for m > 2, as in item (1(a)iA), p = 2 g − 1 and
g cannot be 2 (p = q) and thus must be an odd prime. Expansion and division by 4 yields
g being an odd prime, n2 g−2 − r is odd (thus LHS is odd), but RHS is even, not possible.
D. If
and (g, r) = (5, 3) for which (2 g − 1) = 3 r + 4 becomes 7 = 3 + 2 2 and
As R 1 and R 2 are both odd, three possibilities arise -
• For γ = 1, g and d are both powers of 2.
• For γ = −1, g and d are either 2 or odd primes. Since g > d, g is an odd prime. In case d = 2, Eq. (4) as
• For γ = 1, g and d are both powers of 2. d must be greater than 1 since
• For γ = −1, since d > g, d must be an odd prime while g is either 2 or an odd prime. If g = 2, Eq. (4) becomes
In (P1), q = 2 2 +1 and p = 2 g −1. Eq. (4) takes the form (2 g −1) n −5 r = 2. Since g > 2, it must be an odd prime as 2 g − 1 is prime.
Scott and Styer [24] address N z = 5 r + 2 s with integers r, z, s > 0 as follows 25 : If z > 1, per Theorem 2 in [26] , N z is either square (s must then be even, see item 2(a)iiA) or cube (r must be even while s and z must be odd).
In the latter case, when N z is cube, one writes [N Otherwise, z must be 1, and pertaining to (2 g − 1) n − 5 r = 2, n must be 1 so that the two solutions to 2 g = 5 r + 3, r odd and g an odd prime, are ( §6.3.1, item 1(a)ivE) 2 3 = 5 + 3 and 2 7 = 5 3 + 3 .
In case of (P2) in item (1(b)iA), p = 2 2 − 1 and
B. For β = −1,
. 25 The author is not conversant with the application of quadratic fields to number theory at this time. ii
B. For β = −1, per possibility (P1), q = 2 − 1, not permitted. Per possibility (P2), p = 2 − 1, not permitted.
2. r odd, n even.
In Eq. (6), R 2 is odd and
r . As n and d are both even, 
A. Consider m even. , g must be 1 (thus γ = 1). p n − q r = 2 m becomes 3 . Of these, x is of the form 2 g ± 1 (prime) in (E1), (E2), (E3) and (E5). Also, in all these examples, d > g and m > g hold.
r , m and r odd, 2 g + γ cannot be 3.
, n even, m odd and r = 1, has no solutions other than (2
an integer, so that 2 2 w +1 and 2 2 w+1 +1 are primes, and 7 2 = 2 5 + (2 4 + 1) .
Per Scott and Styer [24] , if r = 1, all solutions to x 2 = 2 m + (2 d + 1) can be obtained through Theorem 1.1 (Theorem of Szalay) in [25] . In particular, solutions are (d, m, x) = (2y, y + 1, 2 y + 1) for positive integer y, (d, m, x) = (4, 5, 7) and (9, 4, 23).
In the first case, as q = 2 d +1 = 2 2y +1 is prime, y = 2 w , w ≥ 1, must hold. w = 0 makes m even, not permitted. Since x = p n 2 = 2 y + 1 = 2 2 w + 1 is not a power since y cannot be 3 ( §3.1), n must be 2 and thus conjecture in §2 holds per §2.1, item 4. 
As R 2 is odd, d must be 1, implying q = 3 and p = 2 g +γ.
A. For γ = 1, g must be 2
n − 3 r = 2 does not hold.
B. For γ = −1, since p cannot be 3, g must be an odd prime.
ii. For β = −1, Eq. (5) takes the form 2
k R 3 such that R 3 is odd. Then, d = g + k, and R 1 = R 3 must hold. p = 2 g + γ and q = 2 g+k − 1 makes Eq. (4) as (2 g + γ) n = 2 + (2 g+k − 1) r . g + k cannot be 2 (if so, then g = k = 1, and γ = 1 making p = q = 3, not permitted) and must be an odd prime v.
Thus, Eq. (4) becomes (2 v − 1) r + 2 = 3 n with n even and r odd.
A. Proposition: In (2 v − 1) r + 2 = 3 n , 2 | n but 4 ∤ n. Considering (mod 10), noting that • 3 n ≡ 1 (mod 10) if 4 | n, and 3 n ≡ 9 (mod 10) if 2 || n,
r + 2 ≡ 5 (mod 10) for r ≡ 3 (mod 4) and v ≡ 3 (mod 4), and • (2 v − 1) r + 2 ≡ 9 (mod 10) for r ≡ 1 (mod 4) and v ≡ 3 (mod 4), only possibility for (2 v − 1) r + 2 = 3 n to hold is when v, r and n take the forms v = 4k + 3, r = 4l + 1, and n = 4z + 2 with k, l, z non-negative integers.
B. Proposition: v must be 3 and thus (2 v −1) r +2 = 3 n has only one solution. Since 2 | n but 4 ∤ n, let n = 2t, t an odd, positive integer. Rearranging as (2 v − 1) r + 1 = 3 2t − 1 = 9 t − 1 and expanding yields, 2 v R 1 = 8R 2 where
R 2 = 9 t−1 + 9 t−2 + ... + 9 + 1. R 1 and R 2 are both, odd. Thus, v = 3 so that (2 v − 1) r + 2 = 3 n becomes 7 r + 2 = 3 2t for which, per [23] (Theorem 6), the only solution corresponds to r = t = 1.
3. r even and n odd.
i. Per Eq. (6), R 1 is odd and R 2 even. Eq. (5) becomes 2
iv. Per [23] , if P and Q are distinct primes (not necessarily Mersenne or Fermat), r is positive and even, m and n are positive integers, for n > 1, Q r + 2 m = P n admits at most four solutions:
and 11 2 + 2 2 = 5 3 . Proof of Lemma 4 in [23] , potentially alternative to that from Cao [27] , uses Lemmata 1-3, Lemma 6 in [26] , and Theorem 13 in [34] . t − 1) for positive integer t > 1, (g, m, x) = (5, 3, 5), (7, 3, 11) and (15, 3, 181) . For (g, m, x) = (2t, t + 1, 2 t − 1), with x = (2 d + β) r 2 , (r, β, d) = (2, −1, t) must hold ( §3.1). t must be 2 or an odd prime. But, for g = 2t, since 2 2t + 1 is prime, t cannot be an odd prime. t must be 2 for which 2
2 is 2 5 + 1 = 2 3 + 5 2 with 2 5 + 1 a non-prime. In the last two cases, both primes, 11 and 181, are not of the form
(b) Consider m = 1.
g must be 1. p = 3 and Eq. (4) becomes
ii. For γ = −1, Eq. (5) takes the form 2
(P2) If 2 d−2 R 2 is odd, d must be 1 and R 2 divisible by only 2 and not its power. q = 2 + β = 3 (β must be 1), and p = 2 g − 1 with g an odd prime (p = 3). Eq. (4), which is, (2 g − 1) n − 3 r = 2, is not feasible since Consider µ = −1, p and q as distinct odd primes, m, n, r and d as positive integers.
No solution is admitted for m > 1 since the RHS is odd. For m = 1, p, q, n and r = 2t, t a positive integer, must satisfy 2p n = q 2t + 1.
Proposition:
For n > 2, 2p n = q 2t + 1 admits no solution if an odd prime divides t.
(a) Consider t = av, a (≥ 1) an integer, and v an odd prime.
(b) q 2a and R are odd 29 .
R is an impossibility for any n ≥ 1 as
R is divisible by at least two distinct odd primes.
(e) Consider gcd(q 2a + 1, R) = v. For positive integers λ, β, as q 2a + 1 is even, i. q 2a + 1 = 2λv; R = βv; gcd(2λ, β) = 1, and β > 2λ > 1 per item (2b).
ii. 2p n = (q 2a + 1)R = 2λβv 2 implying 30 either λ = 1 or a power of p, v = p, and β is a power of p. As gcd(2λ, β) = 1 and β > 2λ, λ must be 1.
p−1 more than once implying p | G so that gcd(β, p) = 1, a contradiction to item (2(e)ii).
3. For n ≤ 2 in 2p n = q 2t + 1, the conjecture in §2 holds per §2.1.4. (2), r = 2t must have the form 2 w , w ≥ 1 so that 2p n = q 2 w + 1. For w = 1 and n = 2, q 2 − 2p 2 = −1 permits many solutions 31 . For w = 1 and n any integer, conjecture in §2 holds per §2.1.4.
For n > 2, per item

5.
One considers cases when w > 1. Those with w = 1 are addressed in item (10) .
For w ≥ 2, q 2 w takes the form x 4 , x an odd prime or its (even) power so that
. Proposition: p = 8k + t, t = 3, 5, 7, if n (≥ 1) is odd, and w > 1.
(a) Let x = 2h + 1 and p = 2g + 1, where h, g are positive integers. Then,
where R = (2g)
If n is odd, R is odd.
(b) As 2 | h(h + 1), 4 must divide gR, and since R is odd, 4 must divide g implying p ≡ 1 (mod 8).
30 n must be larger than 2 for p n = λβv 2 to hold. 31 y 2 − 2x 2 = −1, the negative Pell equation, has solutions of the form [3] x or x(g) = ( (c) Also, since
is a sum of two squares with
coprime, per [21] , proposition IV and [22] , p cannot be ≡ 3 (mod 4), that is, p ≡ 3 or 7 (mod 8).
7. Proposition: p cannot be Mersenne/Fermat prime if n (≥ 1) is odd, w > 1, and q = 5.
If q = 5, q is ≡ 1, 3, 7 or 9 (mod 10), its second power ≡ 1, 9, 9 or 1 (mod 10) respectively, third power ≡ 1, 7, 3 or 9 (mod 10) and fourth power ≡ 1 (mod 10), and so on. Thus, 1 + q 2 w ≡ 2 (mod 10) for w ≥ 2 implying 32 p n ≡ 1 (mod 10). For n odd, p must be ≡ 1 (mod 10). From item (6), p ≡ 1 (mod 8) must hold as well implying p must be of the form 33 40k + 1, k ≥ 1, an integer.
(a) For γ = 1, p = 2 g + 1 = 40k + 1 yields 2 g−3 = 5k, not possible 34 , as 5 ∤ 2 g−3 .
(b) For γ = −1, 2 g − 1 = 40k + 1 yields 2 g−1 = 20k + 1, not possible for g > 1 due to opposite parities. 8 . Proposition: p cannot be 2 g ±1, g a positive integer, if n (≥ 1) is odd, w > 1, and q = 5.
(a) In 2p n = 1 + q 2 w , if q = 5, 1 + 5 2 w ≡ 6 (mod 10) so that p n ≡ 3 (mod 10), possible only when either p ≡ 3 (mod 10) or p ≡ 7 (mod 10) since n (≥ 1) is odd (item 7). From item (6), p must be ≡ 1 (mod 8).
In addition, let p = 2 g + γ, γ = ±1, g ≥ 1, an integer. i. If p = 40k + 17 = 2 g − 1, 2 g−1 = 20k + 9, impossible for g > 1 due to opposite parities. g cannot be 1. ii. If p = 40k + 17 = 2 g + 1, 2 g−3 − 2 = 5k. k must be even making p of the form 80k + 17. Further, 5 | 2 g−4 − 1 for g = 4l + 4, l ≥ 0 and integer. p = 2 g + 1 being prime, g = 4(l + 1) ≥ 4 must be a power of 2. 32 If p ≡ 1 (mod 10), 2p n ≡ 1 (mod 10) for any odd n. If p ≡ 3 (mod 10), 2p n ≡ 6 (mod 10) for n ≡ 1 (mod 4), and 2p n ≡ 4 (mod 10) for n ≡ 3 (mod 4). If p ≡ 5 (mod 10) (i.e., p = 5), 2p n ≡ 0 (mod 10) for any n. If p ≡ 7 (mod 10), 2p n ≡ 4 (mod 10) for n ≡ 1 (mod 4), and 2p n ≡ 6 (mod 10) for n ≡ 3 (mod 4). If p ≡ 9 (mod 10), 2p n ≡ 8 (mod 10) for any n odd. 33 For x, y, z positive integers, p = 10x + 1 = 8y + 1. 5 | y. y = 5z. 34 Per item 5, since p is ≡ 5 or 3 (mod 8) for g = 1 or 2 respectively, and p = 2 3 + 1 for g = 3, g ≥ 4 must hold. 35 For positive integers x and y, p = 10x + 3 = 8y + 1. 5 must divide 4y − 1, possible for y = 5z + 4, z ≥ 0 and integer. Then, p = 8(5z + 4) + 1 = 40z + 33.
36 p = 10x + 7 = 8y + 1. 5 must divide 4y − 3, possible for y = 5z + 2, making p = 8(5z + 2) + 1 = 40z + 17.
n − 1 = 0 ( mod 3) and thus, 2(2 2 z + 1) n − 1 is not a power of 5.
9. Proposition: For n (≥ 2) even and w > 1, 2p n = q 2 w + 1 = x 4 + 1 has no solution for p = 2 g + γ, γ = ±1. A related equation is the Ljunggren equation [35] [36] [37] [38] , 2Y 4 = X 2 + 1, for Y = p, n = 4 and X = x 2 . It is shown therein that the only solution (Y, X) is (13, 239).
(a) Thus, if 4 | n, 2p n = (x 2 ) 2 + 1 has no solution.
(b) That x 4 + 1 is the sum of two squares with 1 and x 2 (x > 1) coprime, any odd prime divisor must be a sum of two squares ( [21] ) and thus of the form 4K + 1, K ≥ 1, an integer. Then, if p = 2 g + γ = 4K + 1, γ must be 1 since otherwise (if γ = −1), 2 g−1 = 2K + 1 is not possible. For 2 g + 1 to be prime, g must be a power of 2.
(c) Since x = q (a prime) or its even power ( §7.2, item 4), per §7.2, item (7), if q = 5, x 4 + 1 ≡ 2 (mod 10) so that p n ≡ 1 (mod 10). If 2 | n but 4 ∤ n (item 9a), for k ≥ 1 an integer, p cannot be of the forms 10k + 3, 10k + 5 or 10k + 7. p must then either be of the form 10k + 1 or 10k + 9.
ii. If p = 2
, that is, g must be of the form 4l + 3, l ≥ 0 an integer. But g cannot be odd since 2 g + 1 is prime.
(d) If q = 5, x 4 + 1 ≡ 6 (mod 10) so that p n ≡ 3 (mod 10), not possible for n even.
10. One now considers the form 2p n = q 2 + 1, corresponding to w = 1 in item (4). Since q 2 +1 is a sum of two squares prime between themselves, per Euler [21] , Proposition IV, p must be a sum of two squares, and since p is an odd prime, it must be ≡ 1 (mod 4) [22] . Per item (7), if q = 5, q 2 + 1 = 26, implying n = 1 and p = 13, not a Mersenne or Fermat prime. If q = 5, q 2 + 1 is either congruent to 2 or 0 (mod 10).
(a) n (≥ 1) odd: Per item (7), if n = 4k + 1, k a non-negative integer, for p ≡ 1, 3, 5, 7 or 9 (mod 10), p n ≡ 1, 3, 5, 7 or 9 (mod 10) respectively so that 2p n ≡ 2, 6, 0, 4 or 8 (mod 10) respectively. If n = 4k + 3, for p ≡ 1, 3, 5, 7 or 9 (mod 10), p n ≡ 1, 7, 5, 3 or 9 (mod 10) respectively so that 2p n ≡ 2, 4, 0, 6 or 8 (mod 10) respectively. •
ii. If 2p n = q 2 + 1 ≡ 0 (mod 10), p must be 5.
must be 2, and since q cannot be 5, β = −1 must hold making q = 3. Then, for 2 · 5 n = 3 2 + 1 to hold, n must be 1. If d = 1, β must be 1 making q = 3, resulting in the same solution, 2 · 5 = 3 2 + 1 .
(b) n even: Per item 9, if 4 | n, 2p n = q 2 + 1 has only one solution: 2 · 13 4 = 239 2 + 1. One therefore considers cases when 2 || n. Per item (7), if p ≡ 1 or 9 (mod 10), for n = 4k + 2, k a non-negative integer, p n ≡ 1 (mod 10). If p ≡ 3 or 7 (mod 10), p 4k+2 ≡ 9 (mod 10).
i. If q 2 + 1 ≡ 2 (mod 10), for 2p 4k+2 ≡ 2 (mod 10) to hold, p must be ≡ 1 or 9 (mod 10).
A. p ≡ 1 (mod 4) and p ≡ 1 (mod 10): Per item (10(a)i), p cannot be a Mersenne or Fermat prime. B. p ≡ 1 (mod 4) and p ≡ 9 (mod 10):
p must be of the form 20K + 9, K a positive integer. Further, if p = 2 d + β, d an integer and β = ±1,
ii. If q 2 + 1 ≡ 0 (mod 10), p must be 5. Per item (10(a)ii), n cannot be even. (a) Let m = au, n = av, a an odd prime, u, v ≥ 1.
(c) If gcd(2 u p v + µ, R) = 1, q r = 2 m p n + µ as two or more primes divide the RHS.
for positive integers λ and β, let 2 u p v + µ = λa, R = βa, gcd(λ, β) = 1 and β > λ (item 1a). Then, q r = 2 m p n + µ = (2 u p v + µ)R = λβa 2 . a must be q, and q must divide β.
.., a − 1. a | G and so, gcd(β, a = q) = 1, a contradiction. 2. Expanding 2 m p n + µ = q r = (µ + 2D) r , as µ j = µ (or 1) if j is odd (or even), and r C 1 = r,
H is odd since r is odd. Also, H > 1 as r > 1. 2 m ∤ H and so 2 m must divide 2D. Let 2D = 2 m λ, λ a positive integer. Then
. Proposition: r must be an odd prime. Consider r = av, a > 1 and odd, and v an odd prime.
= βv, β > λ from item (3a) and gcd(λ, β) = 1 for positive integers λ (even) and β (odd).
Thus, gcd(β, v) = 1. i. In (P1), q = 2 · 9 − 1 = 17 so that 2 m p n + µ = q r becomes 2 · 3 n = 17 r + 1.
ii. In (P2), q = 2 d − µ and p = 2 d−1 − µ must both be prime.
A. For µ = 1, d − 1 or d must be 2 or an odd prime, only possibility being
37 q a µ, q 2a , ..., q a(v−1) are even number of terms, each odd.
B. For µ = −1, d − 1 and d must both be powers of 2, only possibility being
iii. 2 · 3 n = a r + µ generically represents the diophantine relations in items (4(a)i), (4(a)iiA) and (4(a)iiB) where a = 17, 7 and 5 and µ = 1, −1 and 1 respectively. Per Zsigmondy's theorem ( [19, 20] ), these exists a prime v congruent to 1 ( mod r) that divides a r + µ = a r + µ r . Since r is an odd prime (item 3), v > 3 must be true. 2 · 3 n = a r + µ for a = 17, 7 and 5 and µ = 1, −1 and 1 respectively, does not hold. , when rewritten as x n − (x − 1)y z = 1, is also a specific case of the generalized Pillai equation ( [42-45] ). Scott and Styer [42] show that in case gcd(x, (x − 1)y) = gcd(x, y) = 1, maximum number of solutions for (n, z), given x and y, does not exceed 2.
6. Following Nagell's approach [46, 47] has no other solution if (i) z = 2, (ii) 3 | n, (iii) 4 | n and (iv) z = 3 and n ≡ 5 (mod 6). (a) Consider µ = 1 so that q = 2 m + 1.
qp 2 must be true. The inequality holds for p, q ≥ 3 and n ≤ 2 since
where p = 2 g +γ, q = 2 m +µ (p = q) and r are all odd primes, n is odd and µ, γ = ±1, two solutions are (g, r, m, µ, n) = (3, 3, 2, −1, 1) and (5, 3, 2, 1, 1). 
A prime divisor of
implying that p and r are coprime.
(c) Since p is prime, g must be 2 or an odd prime. If g = 2, D 1 r = 2 is not possible. g must be an odd prime.
+ 1), product of two coprimes, implying either r | (2
2. For a positive odd integer n,
, and moreover p > r 2 for g > 3 (item 1f), a contradiction.
(c) g > m must hold in which case 2 m must divide r + 1, or, r = 2
≥ m − 2, or, g ≥ 2m − 1. 
(b) Thus, if r = 4K + 3, K a non negative integer, r C r−2 = r C 2 = (4K + 3)(2K + 1) is odd implying D 3 must be odd. In case m = 1, µ must be 1 so that q = 3. (a) Per item (2d),
(b) For n odd, R 1 is odd. As r = 2 m D 3 − 1 = 4K + 3 (item 3b) for some positive integer K,
is odd making R 2 odd. 2 m−1 must divide r C r−2 µ + D 3 and further,
2 m ≥ 0. D 4 then must be zero making D 3 = −µ, and since D 3 is positive (item 2c) and odd (item 3b), µ must be −1. r then becomes 2 m − 1.
(e) Per item (1d), r | 2
m−1 must hold, possible only for m = 2.
(f) (S1) (2
3 − 1 n = 3 3 + 1 2 2 for which n = 1.
is odd for m ≥ 2 (item 3b). r C r−2 µ+D 3 2 m must be odd.
an odd positive integer 41 , and i. Let r C r−3 + r C r−2 µ+D 3 2 m = 2 t X, X, an odd integer. For the expression in item (5a) to hold, g − m = m + t, or g = 2m + t must be true. t must be odd since g is an odd prime (item 1c). i. g must be 3m + t with t such that 3m + t is an odd prime (item 1c). respectively, and neither is of the form (2 7 − 1) n .
7. 4m > g − m > 3m (a) In 
Concluding Remarks
For p and q as distinct Mersenne and/or Fermat primes, µ = ±1 and m, n, r as positive integers, per §5-7 and [55], number of integer solutions to (i) 2 m + µ = p n q r , (ii) 2 m p n + µ = q r and (iii) 2 m = p n + µq r is finite, except when (iii) becomes 2 y+1 = (2 y + 1) 2 − (2 2y + 1), y such that 2 y + 1 and 2 2y + 1 are primes. For all solutions found (listed in §A, and barring those for 2 m = p n +µq r , n even, m odd and r > 1 odd), rad(ABC) 2 > C is shown to hold. Furthermore, triples {A, B, C} satisfying ABC = 2 m p n q r , A + B = C, gcd(A, B) = 1 and B > A ≥ 1 are such that for every ε > 0, there exist finitely many {A, B, C} for which C > rad(ABC) 1+ε holds.
